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ABSTRACT
The hV=Vmaxi of the cosmological X-ray ﬂashes detected by the Wide Field Cameras on BeppoSAX is
calculated theoretically in a simple jet model. The total emission energy from the jet is assumed to be con-
stant. We ﬁnd that if the jet opening half-angle is smaller than 0.03 radian, the theoretical hV=Vmaxi for ﬁxed
opening half-angle is less than 0.4, which is consistent with the recently reported observational value of
0:27 0:16 at the 1  level. This suggests that the oﬀ-axis gamma-ray burst jet with the small opening
half-angle at the cosmological distance can be identiﬁed as the cosmological X-ray ﬂash.
Subject headings: gamma rays: bursts — gamma rays: theory
1. INTRODUCTION
The X-ray ﬂash (XRF) is a class of X-ray transients
(Heise et al. 2001; see also Barraud et al. 2003). Some prop-
erties of XRFs, such as the observed event rate, the
duration, and the isotropic distribution, are similar to those
of gamma-ray bursts (GRBs), while the spectral hardness of
XRFs characterized by the peak ﬂux ratio, the ﬂuence ratio,
and the photon index is softer than that of GRBs. This class
represents a large portion of the whole GRB population.
Recently, the observational value of hV=Vmaxi, which is the
measure of the homogeneity of spatial distribution
(Schmidt, Higdon, & Hueter 1988; see also Chang & Yi
2001; Kim, Chang, & Yi 2001), has been updated from
0:56 0:12 (Heise 2000) to 0:27 0:16 (Heise 2002). The
updated value of hV=Vmaxi suggests that XRFs take place
at a cosmological distance.
Various models accounting for the nature of the XRFs
have been proposed (Yamazaki, Ioka, & Nakamura 2002;
Heise et al. 2001; Dermer, Chiang, & Bo¨ttcher 1999; Huang,
Dai, & Lu 2002; Me´sza´ros et al. 2002; Mochkovitch et al.
2003; Daigne &Mochkovitch 2003). Heise et al. (2001) pro-
posed that XRFs could be GRBs at high redshift. The
redshifts of XRF 011030 and XRF 020427 have an upper
limit of zd3:5 (Bloom et al. 2003; Heise 2002), which sug-
gests that XRFs take place at not so high redshift but the
same as that of GRBs. The photosphere-dominated ﬁreball
model may account the nature of the XRFs with peak
energy Ep more than 20 keV (Me´sza´ros et al. 2002;
Ramirez-Ruiz & Lloyd-Ronning 2002). However, further
considerations are needed to explain the event with Ep of
approximately a few keV, such as XRF 020427 (Amati
2002), XRF 020903, and XRF 010213 (Kawai 2002). The
models with small Lorentz factors, such as the dirty ﬁreball
model (Dermer et al. 1999; Huang et al. 2002) or the struc-
tured-jet model (Rossi, Lazzati, & Rees 2002; Woosley,
Zhang, & Heger 2002; Zhang &Me´sza´ros 2002a), also have
possibilities to explain the properties of the XRF, with the
implicit assumption that the XRF does not arise from inter-
nal shocks (Zhang & Me´sza´ros 2002b). The models for
internal shocks with small contrast of high Lorentz factors
might be the origin of XRFs (Mochkovitch et al. 2003;
Daigne &Mochkovitch 2003).
For the other possibility, we have studied the oﬀ-axis jet
model and proposed that if we observe the GRB jet with a
large viewing angle, it looks like an XRF (Yamazaki et al.
2002; Yamazaki, Ioka, &Nakamura 2003).
In Yamazaki et al. (2002) the value of the jet opening
half-angle was adopted as D ¼ 0:1. In this model the
distance to the farthest XRF ever detected is about 2
Gpc (z  0:4), so the cosmological eﬀect is small and
hV=Vmaxi  0:5. Recent observations suggest that GRBs
with relatively small opening angle exist, while the distri-
bution of D is not yet clear (Panaitescu & Kumar 2002).
If we assume the total emission energy to be constant, as
in the previous paper, the intrinsic luminosity is larger
for the smaller opening half-angle. Such GRBs at the
cosmological distance observed from oﬀ-axis viewing
angle may be seen as XRFs and hV=Vmaxi is expected to
be smaller than 0.5.
In this paper, we will show that our oﬀ-axis model has a
possibility of accounting for the observational value of
hV=Vmaxi if we change some of the model parameters from
the previous paper (Yamazaki et al. 2002). This paper is
organized as follows. In x 2, we describe a simple jet model
including the eﬀect of cosmological expansion. We assume
the uniform jet with sharp edges. Although one may con-
sider the structured jet motivated by the simulation of the
collapsar model, we cannot conclude, both observationally
and theoretically, which model is preferable. The hV=Vmaxi
for the XRFs detected by the Wide Field Cameras (WFCs)
on BeppoSAX is calculated in x 3. Section 4 is devoted to a
discussion. Throughout this paper, we adopt the ﬂat
universe withM ¼ 0:3, ¼ 0:7, and h ¼ 0:65.
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2. EMISSION MODEL OF X-RAY FLASHES
We consider a simple jet model of XRFs in the previous
papers (Yamazaki et al. 2002; Ioka & Nakamura 2001) tak-
ing into account the cosmological eﬀect. A general formula
to calculate the observed ﬂux from an optically thin material
is derived by Granot, Piran, & Sari (1999) and Woods &
Loeb (1999). Here we adopt their formulations and nota-
tions. Let us use a spherical coordinate system r ¼ ðr; ; Þ
in the central engine frame, where the  ¼ 0 axis points
toward the detector and the central engine is located at the
origin. Consider a photon emitted at time t and place r in
the central engine frame. It will reach the detector at a time
T given by
T ¼ ð1þ zÞTz ¼ ð1þ zÞ t rl
c
 
; ð1Þ
where l  cos  and z is the cosmological redshift of the
source; T ¼ 0 was chosen as the time of arrival at the detec-
tor of a photon emitted at the origin at t ¼ 0. Then the
observed ﬂux at the observed time T and observed
frequency , measured in ergs s1 cm2 Hz1, is given by
FðTÞ ¼ 1þ z
d2L
Z 2
0
d
Z 1
1
dl
Z 1
0
r2dr
j00 
0
d ; r;Tz þ rl=c
 
2ð1 lÞ2 ;
ð2Þ
where dL, 0d , and j
0
0 are the luminosity distance to the
source, the direction toward the detector measured in the
frame comoving with the jet (comoving frame), and the
comoving frame emissivity in units of ergs s1 cm3 Hz1
sr1. The frequency 0, which is measured in the comoving
frame, is given by
0 ¼ zð1 lÞ ¼ ð1þ zÞð1 lÞ : ð3Þ
We adopt an instantaneous emission of inﬁnitesimally
thin shell at t ¼ t0 and r ¼ r0. If the emission is isotropic in
the comoving frame, the emissivity has a functional form of
j00 ð0d ; r; tÞ ¼ A0 f ð0Þðt t0Þðr r0ÞHðD j vjÞ
H cos cosD cos v cos 
sin v sin 
  
; ð4Þ
where f ð0Þ and A0 represent the spectral shape and the
amplitude, respectively; D and v are the jet opening half-
angle and the viewing angle that the axis of the emission
cone makes with the  ¼ 0 axis. The delta functions describe
an instantaneous emission at t ¼ t0 and r ¼ r0, and HðxÞ is
the Heaviside step function which describes that the emis-
sion is inside the cone. Then the observed ﬂux of a single
pulse is given by
FðTÞ ¼ 2ð1þ zÞr0c
2A0
d2L
 DðTÞf zð1  cos ðTÞÞ½ 
2ð1  cos ðTÞÞ½ 2
; ð5Þ
where 1  cos ðTÞ ¼ ð1þ zÞ1ðc=r0ÞðT  T0Þ and T0 ¼
ð1þ zÞðt0  r0=cÞ. For D > v and 0 < ðTÞ  D v,
DðTÞ ¼ , otherwise DðTÞ ¼ cos1f½cosD
cos ðTÞ cos v=½sin v sin ðTÞg. For v < D, ðTÞ varies
from 0 to v þ D, while for v > D, ðTÞ varies from
v  D to v þ D. In the latter case, DðTÞ ¼ 0 for
ðTÞ ¼ v  D. Pulse starting and ending times are given
by
Tstart ¼ T0 þ ð1þ zÞðr0=cÞ
 ½1  cosðmaxf0; v  DgÞ ;
Tend ¼ T0 þ ð1þ zÞðr0=cÞ
 ½1  cosðv þ DÞ : ð6Þ
The observed spectrum of GRBs is well approximated by
the Band spectrum (Band et al. 1993). In order to have a
spectral shape similar to the Band spectrum, we adopt the
following form of the spectrum in the comoving frame,
f ð0Þ ¼ ð
0=00Þ1þ	B ; 0 < 00 ;
ð0=00Þ1þB ; 0 > 00 ;
(
ð7Þ
where 	B and B are the low- and high- energy power-law
indexes, respectively. Equations (5) and (7) are the basic
equations to calculate the ﬂux of a single pulse.
In order to study the dependence on the viewing angle v
and the jet opening half-angle D, we ﬁx the other parame-
ters as 	B ¼ 1, B ¼ 3, 00 ¼ 200 keV, r0=c2 ¼ 10 s,
and  ¼ 100 (Preece et al. 2000). We ﬁx the amplitude A0 so
that the isotropic -ray energy Eiso ¼ 4d 2Lð1þ zÞ1ð20 2000 keVÞ satisﬁes
ðDÞ2
2
Eiso ¼ 5 1050 ergs ; ð8Þ
when v ¼ 0 and z ¼ 1 (Frail et al. 2001). Here
Sð1  2Þ ¼
R Tend
Tstart
FðT ; 1  2ÞdT is the ﬂuence in the
energy range 1  2 and FðT ; 1  2Þ ¼
R 2
1
FðTÞd is the
ﬂux in the same energy range. The values of A0 for diﬀer-
ent opening angles are summarized in Table 1. When the jet
opening half-angle D becomes smaller,A0 becomes larger.
3. CALCULATION OF hV=Vmaxi
The formalism to calculate hV=Vmaxi is given by Mao &
Paczyn´ski (1992) and Piran (1992). In our case the absolute
TABLE 1
Results of the Calculation for Fixed D
D A0
a v;p
b zmaxðv;pÞ zminðv;pÞ hV=VmaxiDc
0.10 ...... 0.84 0.103 2.8 1.5 0.46
0.09 ...... 1.0 0.095 2.9 1.4 0.45
0.08 ...... 1.3 0.086 3.0 1.4 0.44
0.07 ...... 1.7 0.077 3.1 1.3 0.44
0.06 ...... 2.3 0.068 3.3 1.2 0.44
0.05 ...... 3.4 0.060 3.5 1.2 0.44
0.04 ...... 5.2 0.052 3.6 1.1 0.43
0.03 ...... 9.3 0.045 3.8 0.99 0.40
0.02 ...... 22 0.038 4.0 0.89 0.38
0.01 ...... 109 0.034 4.1 0.77 0.35
a In units of ergs cm2 Hz1.
b The viewing angle at which the weight functionWðvÞ takes the maxi-
mum value.
c For the XRFs detected byWFCs onBeppoSAX.
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luminosity and spectrum depend on v and D. The
observed-integrated number count from the source at red-
shift z with the jet opening half-angle D and the viewing
angle v is given by
CðD; v; zÞ ¼
Z Tend
Tstart
dT
Z 2
1
d
FðT ;D; v; zÞ
h
: ð9Þ
Let zmin and zmax be the minimum and the maximum red-
shift of the XRF for given D and v. In determining zmin
and zmax, we should note that the operational deﬁnition of
the XRF detected by BeppoSAX is the fast X-ray transient
with duration less than 103 seconds which is detected by
WFCs and not detected by the Gamma-Ray Burst Monitor
(GRBM). Therefore, if the sources are nearby such that
z < zmin, they are observed as GRBs because the observed
ﬂuence in the -ray band (40–700 keV) becomes larger than
the limiting sensitivity of GRBM (3 106 ergs cm2).
If the sources are too far such that z > zmax, they cannot be
observed by the WFCs, which have an observation band of
2–28 keV and a limiting sensitivity of about 4 107 ergs
cm2. Although the detection conditions of the instruments
vary with many factors of each event, such as the duration,
the spectral index, or the peak photon energy (Band 2002),
we adopt very simple criteria here. As shown in Figure 1,
both zmax and zmin depend on v and D.
For given zmax, we can calculate the minimum integrated
count Cmin ¼ CðD; v; zmaxÞ. Then hV=Vmaxi for given D
and v is calculated as
V
Vmax
	 

D;v
¼
R zmax
zmin
½CðzÞ=Cmin3=2DðzÞdzR zmax
zmin
DðzÞdz ; ð10Þ
whereDðzÞ is given as
DðzÞ ¼ nðzÞ
1þ z 4
dL
1þ z
 2 d
dz
dL
1þ z
 
: ð11Þ
The luminosity distance is given by
dLðzÞ ¼ c
H0
ð1þ zÞ
Z z
0
dz0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 þ Mð1þ z0Þ3
q : ð12Þ
The function nðzÞ is the comoving GRB rate density. We
assume that nðzÞ is proportional to the comoving rate den-
sities of the star formation nSFðzÞ in the following form
(Madau & Pozzetti 2000; Porciani &Madau 2001):
nSF ðzÞ ¼ 0:46h expð3:4zÞ
expð3:8zÞ þ 45

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
M þ ð1þ zÞ3
q
M yr1 Mpc3 : ð13Þ
When we consider the case of zmin < zmax5 1, the
cosmological eﬀect can be neglected, so that D / z2 and
C=Cmin  ðz=zmaxÞ2. Then equation (10) becomes
V
Vmax
	 

D;v
¼ 0:5 1þ zmin
zmax
 3" #
: ð14Þ
Therefore, zmin5 zmax5 1 implies hV=VmaxiD;v  0:5.
Next, we integrate equation (10) over v as
V
Vmax
	 

D
¼
R hV=VmaxiD;vWðvÞdvR
WðvÞdv ; ð15Þ
whereWðvÞ is the weight function that is the product of the
solid angle factor and the volume factor:
WðvÞ ¼ 2 sin v
Z zmax
zmin
DðzÞdz : ð16Þ
The results of the numerical integration are summarized in
Table 1. For each D, zmaxðv;pÞ [zminðv;pÞ] means the maxi-
mum (minimum) redshift at which WðvÞ takes the
maximum value. If we take the jet opening half-angle as
Dd0:03, hV=VmaxiD is smaller than 0.4, which is consis-
tent with the observational result at the 1  level.
Let us consider the behavior of hV=VmaxiD;v in the case
of the ﬁxed opening half-angle D ¼ 0:03. Recent analysis
of the GRB afterglows shows that some GRBs have a jet
with a opening half-angle of less than 0.05 radian, i.e., the
smallest value of D is about 0.03 (Panaitescu & Kumar
2002). Let us decrease the viewing angle v from a suﬃ-
ciently large value (v  20). As shown in Figure 1, both
zmax and zmin increase monotonically, since the observed
ﬂux from the source increases due to the relativistic beaming
eﬀect. However, the behavior of hV=VmaxiD;v is more com-
plicated since the functionDðzÞ in equation (11) has a maxi-
mum value at z ¼ zp  1:5. We plot hV=VmaxiD;v as a
function of v in Figure 2. If v is large enough, zmax is
smaller than zp. Then the cosmological eﬀect is small, so that
hV=VmaxiD;v  0:5. While if v is small enough, zmin is
larger than zp. Then DðzÞ is a decreasing function in the
range zmin < z < zmax, and the contribution of XRFs at
smaller distance to hV=VmaxiD;v is larger so that thehV=VmaxiD;v is small. We note that the above argument
does not depend on D so much.
The behavior of the weight function WðvÞ is shown in
Figure 3.When v is large enough for zmax to be smaller than
zp or when v is small enough, WðvÞ is small since DðzÞ or
the solid angle factor are relatively small in the range
zmin < z < zmax. One can see that in the case of D ¼ 0:03,
 
Fig. 1.—Maximum and minimum redshifts of the XRF as a function of
the viewing angle v are shown in the case of D ¼ 0:03. The solid line and
dashed line represent the maximum and minimum redshifts, zmax and zmin,
respectively. The jet emission is observed as the XRF if the source has a red-
shift z in the range zmin < z < zmax (see text). The vertical dashed line
represents v ¼ D ¼ 0:03.
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WðvÞ takes the maximum value at v;p  4:5, when
zmin  zp.
The above discussions show that the sources with the
viewing angle v  0:05 at z  1:5 are the most frequent
class of the XRFs in the population for the opening half-
angle D ¼ 0:03. In other cases in which D is smaller than
0.03, the typical values are z  1:5 and v  Dþ 0:02 since
WðvÞ takes a maximum at v;p  Dþ 0:02 (see Table 1).
4. DISCUSSION
We have calculated hV=VmaxiD for the emission from a
simple jet model and shown that when the jet opening half-
angle D is smaller than about 0.03, hV=VmaxiD for the
XRFs detected by WFCs on BeppoSAX is smaller than 0.4.
The value of D  0:03 has been obtained from the ﬁtting of
the afterglow light curve (Panaitescu & Kumar 2002; Frail
et al. 2001). Such a narrow jet which is inferred by afterglow
observations is rare. However, following equation (1) of
Frail et al. (2001), the jet break time is given by
tj  13ðD=0:01Þ8=3 minutes, and so it requires fast localiza-
tion to observe the jet break for a narrow jet. Therefore, at
present, the small number of GRBs with small Dmay come
from the observational selection eﬀect. In the context of this
scenario, we might be able to account for the fact that after-
glows of XRFs have been rarely observed since the
afterglow at a ﬁxed time gets dimmer for an earlier break
time. Furthermore, some ‘‘ dark GRBs ’’ might be such a
small opening angle jet observed with an on-axis viewing
angle for the same reason.
We brieﬂy comment on how the results obtained in this
paper will depend on the Lorentz factor of the jet . We
see that when  becomes large, hV=VmaxiD becomes small.
For example, when we ﬁx  ¼ 200, we obtain
hV=VmaxiD¼0:03 ¼ 0:39 and hV=VmaxiD¼0:1 ¼ 0:43. This
implies that the limitation on D can be relaxed.
We can estimate the typical observed photon energy as
hobs  ð1þ zÞ100; where 1 ¼ ½1  cos ~ and
~ ¼ maxf0; v  Dg (Yamazaki et al. 2002). Since 41
and v;D5 1, we obtain
hobs  2
0
0
ð1þ zÞ½1þ ð~Þ2 : ð17Þ
In x 3, we have shown that for ﬁxed Dd0:03, the typical
value of v isDþ 0:02. Therefore, for the adopted param-
eters 00 ¼ 200keV and the typical redshift z ¼ zp  1:5,
one can derive hobs  30 keV, which is the typical observed
peak energy of the XRFs (Kippen et al. 2002). We can pro-
pose from our argument that the emissions from the jets
with a small opening half-angle such as Dd0:03 are
observed as XRFs when they are seen from oﬀ-axis viewing
angle.
If one can detect the afterglow of the XRF, which has a
maximum ﬂux at about several hours after the XRF, the ﬁt-
ting of light curve may give us the key information about
the jet opening angle (Granot et al. 2002). Therefore, our
theoretical model can be tested by the near-future
observations.
We can estimate the observed event rate of the XRF for
ﬁxed D as
RXRF;D ¼ 1
4
Z
WðvÞdv : ð18Þ
In order to calculate RXRF;D, we consider the proportional-
ity constant R ¼ nðzÞ=nSFðzÞ. One can write it
approximately as R ¼ r>8Mk, where r>8M is the number
of stars with masses M > 8 M per unit mass. Since we
assume all stars with masses M > 8 M explode as core-
collapse supernovae, k represents the ratio of the number
of XRF sources to that of core-collapse supernovae. We
adopt the value k ¼ 1 103, which is derived from the
result of Porciani & Madau (2001) combined with the eﬀect
of the solid angle factor ðDÞ2=2. Using a Salpeter
initial mass function ðMÞ, we obtain r>8M ¼½R 125M8M ðMÞdM=½R 125M0 MðMÞdM ¼ 1:2 102M1 .
Then, in the case of D ¼ 0:03, we derive
RXRF;D ¼ 1 102 events yr1ðR=1 105M1 Þ, which is
comparable to the observed event rate of the XRF (Heise et
al. 2001). Note that the value ofRXRF;D remains unchanged
within a factor of 2 when we vary D from 0.01 to 0.07.
 
Fig. 2.—hV=VmaxiD;v for the XRF detected by theWFCs onBeppoSAX
is shown as a function of the viewing angle v in the case ofD ¼ 0:03.
 
Fig. 3.—Weight function WðvÞ, which is the relative observed event
rate, is shown as a function of the viewing angle v. Note that the normal-
ization of WðvÞ is arbitrary. The vertical dashed line represents
v ¼ D ¼ 0:03.
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When the jet opening half-angle D has a distribution fD,
we integrate hV=VmaxiD and RXRF;D over the distribution
of D as
hV=Vmaxi ¼
R
dðDÞfDRXRF;DhV=VmaxiDR
dðDÞfDRXRF;D ; ð19Þ
RXRF ¼
R
dðDÞfDRXRF;DR
dðDÞfD ; ð20Þ
respectively. We assume a power-law distribution as
fD / ðDÞq. When we adopt q ¼ 4:54 (Frail et al. 2001)
and integrate over D from 0.01 to 0.2 rad, we ﬁnd
hV=Vmaxi ¼ 0:36 and RXRF ¼ 1 102 events yr1. These
values mainly depend on the lower bound of the integration.
For example, we obtain hV=Vmaxi ¼ 0:43 and RXRF ¼ 3
events yr1 if the integration is done over D from 0.03 to
0.2 rad. (Note that we may let the value of RXRF be consis-
tent with observed value by adjustingR.) Since the statistics
of the observational data will increase in the near future
owing to instruments such as HETE 2 and Swift, we will be
able to say more than above discussion, including a more
accurate functional form of fD than that we have
considered above, as well as the relation to the GRB event
rate.
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